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Applying the linearized Usadel equations, we consider the nucleation of superconductivity in
multiply connected mesoscopic superconductor/ferromagnet (S/F) hybrids such as a thin super-
conducting ring on a ferromagnet with a uniform in-plane magnetization M and a spin-active S/F
interface. We demonstrate that the exchange field in F provokes a switching between supercon-
ducting states with different vorticities which may increase the critical temperature ( Tc ) of the
superconductor in a magnetic field. We study the interplay between oscillations in Tc due to the
Little–Parks effect and oscillations in Tc induced by the exchange field. Furthermore, we analyse
the influence of long-range spin-triplet correlations on the switching between different vorticities.
PACS numbers: 74.45.+c, 74.25.Dw, 74.78.Na
I. INTRODUCTION
In hybrid systems containing superconducting and fer-
romagnetic metals (see reviews1–6), long-range correla-
tions are induced in the ferromagnets7–14 related to odd-
frequency superconductivity15 and spin-polarized triplet
Cooper pairs16,17. Such long-range spin-triplet pairs are
not destroyed by a ferromagnetic exchange field and can
penetrate a ferromagnet over long distances exceeding
a singlet pair coherence length. The reduction of a Co
nanowire’s resistance in contact with a superconductor
observed in7,18 as the temperature is decreased below the
superconducting transition, demonstrated evidence for a
long–range proximity effect. Evidence for electron pair
conversion from spin-singlet to spin-triplet has recently
been demonstrated via observations of long-ranged su-
percurrents in S/F/S Josephson junctions with magneti-
cally inhomogeneous S/F interfaces11–14,19–23, transition
temperature measurements of S/F1/F2 spin valves24–29,
density of states measurements on S/F systems30–37 and
ferromagnetic resonace38,39. The optimal condition for
pair conversion in a dirty ferromagnet is realized when
the exchange field h is inhomogeneous on scale of the co-
herence length ξf =
√
~Df/h in the F
40, where Df is
the electron diffusion constant. Under appropriate con-
ditions, odd-frequency spin-triplet correlations manifest
as an intrinsic paramagnetic Meissner state41–43. The
existence of an anomalous Meissner response has been
observed via a depth-resolved measurements of the local
magnetic fields in Au/Ho/Nb using low-energy muons44.
Long-range proximity effect have mainly focused on
mesoscopic ferromagnetic wires attached to a supercon-
ductor or layered (diffusive) S/F structures. Here we pro-
pose using multiply connected hybrid S/F structures such
as a thin narrow superconducting ring on a ferromagnetic
plate (see Fig. 1(a)) to study proximity–induced long–
range triplet correlations. A distinguishing feature of
multiply connected S/F hybrids with the proximity effect
is the generation of a vortex state with a nonzero orbital
angular momentum L (vorticity) even in the absence of
an external magnetic field45. The damped oscillations
of the amplitude of singlet superconducting correlations
in a ferromagnet in the direction perpendicular to the
S/F interface46–48 generates the additional phase modu-
lation of superconducting order parameter ∆ ∼ exp(iLθ)
on azimuthal angle θ and may induce spontaneous su-
percurrents. The angular momentum L of the pair wave
function determines the vorticity of the state. The in-
terplay between orbital49 and the exchange50 effects may
result in a switching between the states with different
vorticities L, as the ring radius R1 increases. Transitions
between states with different L result in a nonmonotonic
dependence of the critical temperature Tc on R1 and h.
The Little-Parks (LP) effect (the periodic oscillations
of the critical temperature Tc of a hollow superconduct-
ing cylinder in an applied magnetic field H51,52) is an ex-
tremely sensitive experimental tool for studying interfer-
ence phenomena in multiply connected superconducting
systems. The orbital effect results in switching between
states with different vorticity L and manifests itself in
oscillations of the phase–transition line Tc(H). The in-
terplay between Tc oscillations due to LP effect and oscil-
lations due to h in multiply connected S/F hybrids with a
uniform magnetization was shown to be accompanied by
breaking of the strict periodicity of Tc(H) oscillations and
shifts in Tc maximum to finite H
53. Similar results were
obtained later in54,55 for the case of a spiral exchange
field distribution in a ferromagnet. Note, however, that
in the case of a magnetic spiral, equal–spin triplet pairs
do not arise, and long-range proximity induced supercon-
ductivity is absent6,56.
The aim of our paper is to examine the long-range
proximity effect on switching between vortex states in
multiply connected S/F hybrids. We expect that the su-
perconducting ground state in such a geometry should be
2FIG. 1: (Color online) (a) A superconducting ring (S) on the surface of a ferromagnetic plate (F) with a uniform exchange
field h and a spin-active S/F interface. Here R1 (R2) and w = R2 − R1 are the inner (outer) radius and the width of the S
ring, (r, θ, z) is the cylindrical coordinate system. The external magnetic field H is applied along the z axis. (b) Short-range
proximity–induced superconductivity in a F metal. (c) Long-range proximity induced superconductivity in a F metal due the
precence of a spin-active S/F interface. Arrows indicate the spin structure of pair correlations in F.
strongly influenced by the presence of equal–spin triplet
pairs in F. We focus on the behavior of Tc for super-
conducting states with different vorticities, and study
the influence of the equal–spin triplet components on
LP oscillations. We start from a qualitative discussion
of the long–range proximity effect on the LP oscilla-
tions in a superconducting ring lying on a thin F (see
Fig. 1(a)). We assume that R1 ≫ ξf ≫ w. In the ab-
sence of equal-spin triplet superconducting correlations,
proximity–induced superconductivity in F occupies the
region ws ≈ w + 2ξf ≪ R1 under the S ring (Fig. 1(b)).
As a result, the period of the LP oscillations ∆H(s) is
modified due to the small increase of the ring width
ws & w where superconductivity coexists
57, i.e.,
∆H(s) ∼
Φ0
πR21 [1 + (ws/R1)
2]
,
and a slow modulation of the amplitude of the LP oscil-
lations takes place53. Here Φ0 = π~c/|e| is the magnetic
flux quantum.
Long-range equal–spin triplet pairs exist over a
distance of the order the thermal length ξn =√
~Df/2πTcs ≫ ξf , and proximity–induced supercon-
ductivity in F occupies the region wt ≈ ξn & R1
(Fig. 1(c)). Here, Tcs is the transition temperature of
the superconductor in the absence of a proximity effect,
i.e. Tc of S without F and an applied magnetic field.
In this case the spin–triplet pairs dominate a consid-
erable part of the S/F structure, as shown in Fig. 1c.
It has recently been demonstrated that the spin–triplet
odd–frequency superconducting correlations emerging in
layered S/F systems favor the formation of the in-plane
FFLO phase with the gap potential modulated along the
S/F interface43,58. A hallmark of in–plane FFLO insta-
bility is a vanishing of the London magnetic field pene-
tration depth λ(r) averaged over the structure volume.
In multiply connected S/F structures the in–plane FFLO
instability is expected to provoke a modification of Tc(H)
which correspond to the switching between modes with
the different vorticity L. This effect should be especially
important if R1 ≫ ξf , because of the mechanism of vor-
FIG. 2: (Color online) Cross section of the model cylindri-
cal structure under consideration. The blue arrows show the
direction of the exchange field h in the ferromagnet (F).
tex states switching (caused by the oscillatory behav-
ior spin-singlet pair wave function in a ferromagnet45)
in this case is suppressed. The experimental observa-
tion of the unusual behavior of the Little-Parks oscil-
lations predicted here would provide direct evidence of
spin-polarized triplet Cooper pairs.
The paper is organized as follows. In Sec. II we de-
scribe the model of a multiply connected S/F system and
briefly discuss basic equations. In Sec. III we proceed
with the analytic calculations of Tc for different vortex
states. In Sec. IV we study the proximity induced switch-
ing between different vortex states in the absence of an
applied magnetic field. We show that transitions between
states with different vorticity are accompanied by jumps
of effective magnetic field penetration depth. Moreover
we analyse the influence of the long-range spin-triplet
correlations on the realisation of the states with higher
vorticities. The interplay between the oscillations of Tc
due to the LP effect and oscillations due to the h is ana-
lyzed in Sec. V. We summarize our results in Sec. VI.
II. MODEL AND BASIC EQUATIONS
The planar F/S system under consideration (Fig. 1(a))
was shown to be qualitatively similar to a hollow su-
perconducting cylinder surrounded by a ferromagnetic
metal45. Hereafter, we consider a model S/F system con-
sisting of a thin-walled hollow S cylinder embedded in a
3ferromagnetic metal. The cross section of the model S/F
structure is shown in Fig. 2. The surrounding F metal
has a uniform exchange field h and spin–active S/F in-
terfaces. A good electrical contact between the F and S
metals is assumed to provide a strong proximity effect.
The S and F metals have diffusion coefficientsDs andDf ,
respectively, and satisfy the dirty limit where Tcsτ/~≪ 1
and hτ/~ ≪ 1. Here, τ = l/vF is the electron elastic
scattering time with the electron mean free path l. To
observe a pronounced influence of the proximity effect
on Tc, the thickness of the S shell w = R2 − R1 must
be smaller than the superconducting coherence length
ξs =
√
~Ds/2πTcs. The exchange field h acting on the
spin of the conduction electrons is assumed to have step-
like profile
h(r) =


h zˇ ,
r ≤ R1 − wx
r ≥ R2 + wx
,
h zˇ + hx(r) xˇ ,
R1 − wx ≤ r ≤ R1
R2 ≤ r ≤ R2 + wx
,
0 , R1 < r ≤ R2 ,
(1)
where xˇ, zˇ are the axes for spin quantization. We neglect
reduction of the magnetization in the ferromagnet and
magnetization leakage into the superconductor due to the
magnetic proximity effect61–63. The spin-active interface
between S and F is described by the rotation of the ex-
change field h in thin cylindrical layers R1−wx ≤ r ≤ R1
and R2 ≤ r ≤ R2 + wx near F/S interfaces provided
wx ≪ ξf , R1 but the product
∫
dr hx(r)/wxh is of the
order unity40.
Our calculations of the second-order superconducting
phase transition temperature Tc are based on solutions of
the linearized Usadel equations64. At T ∼ Tc, the normal
Green function g coincides with the value in the normal
state (g ≃ −i sgnωn), and the linearized Usadel equa-
tions for anomalous quasiclassical Green’s function6,65,66
fˆs,f = f
s
s,f + f
t
s,f σˆ , f
t
s,f = f
z
s,f z0 + f
x
s,f x0 (2)
take the form (see reviews1,3,67 for details):
−
~Ds,f
2
(
∇−
2ie
~c
A
)2
f ss,f + |ωn | f
s
s,f (3)
+ i sgnωn (h f
t
s,f ) = ∆ ,
−
~Ds,f
2
(
∇−
2ie
~c
A
)2
f ts,f + |ωn | f
t
s,f (4)
+ i sgnωn h f
s
s,f = 0 .
Here, where f ss,f (r, ωn) (f
t
s,f (r, ωn)) is the singlet (triplet)
part of the Green’s function (2) in the superconductor
and ferromagnet, ωn = (2n + 1)πTc is the Matsubara
frequency at the temperature Tc, ∆ = ∆s is the sin-
glet pairing potential inside superconductor (∆ = 0 in
ferromagnet), and A is the vector potential of the ex-
ternal magnetic field H = rotA = Hz0. We have ne-
glected the effect of the ferromagnet magnetization M
because of the additional magnetic flux enclosed by the
S shell ΦM ≈ 4π
2R21M is assumed to be small in com-
parison with the magnetic flux quantum Φ0 = π~c/|e| for
typical parameters of S/F hybrids53. The Usadel equa-
tions (3),(4) must be supplemented with the Kupriyanov-
Lukichev boundary conditions68 for all components of
the Green function (2) at the S/F interfaces r = R1 and
r = R1:
σs ∂r fˆs = σf ∂r fˆf , fˆs = fˆf + γbξn ∂r fˆf . (5)
Here σf and σs are the normal-state conductivities of
the F and S metals, γb is related to the transparency
of the S/F interface and is determined by the boundary
resistance per unit area Rb: γbξs = Rbσf .
The Tc is determined by the self-consistency equation
for the singlet gap function ∆s:
∆s(r) ln
Tc
Tcs
+ πTc
∑
ωn
(
∆s(r)
ωn
− f ss (r, ωn)
)
= 0 . (6)
For simplicity of Tc calculations, we assume h ≫ Tcs
and neglect proximity suppression caused by a finite S/F
interface resistance, i.e., we take γb = 0 in (5). In this
regime, fˆs = fˆf at the S/F interface.
Choosing the cylindrical coordinate system (r, θ, z) and
the gauge A = (0, Aθ, 0), Aθ = rH/2 we consider homo-
geneous along z solutions of the equations (3),(4), char-
acterized by a certain angular momentum L, referred fur-
ther as vorticity
∆s(r) = ∆L(r) e
iLθ , f s,z,x(r, ωn) = f
s,z,x
L (r, ωn) e
iLθ .(7)
The vorticity parameter L in (7) coincides with the an-
gular momentum of the Cooper pair wave function.
According to Eqs. (3),(4),(6) there is a symmetry
f s(r,−ωn) = f
s(r, ωn) and f
z,x(r,−ωn) = −f
z,x(r, ωn),
so that we can treat only positive ωn values. The Usadel
equations (3) and (4) can be written in the form
−
~D
2
QˆLf
s
L + ωn f
s
L + ı h f
z
L + ı hx f
x
L = ∆L, (8)
−
~D
2
QˆLf
x
L + ωn f
x
L + ı hx f
s
L = 0 , (9)
−
~D
2
QˆLf
z
L + ωn f
z
L + ı h f
s
L = 0 , (10)
QˆL =
1
r
d
dr
(
r
d
dr
)
−
(
L− φr
r
)2
where D = Ds,f is the diffusion coefficient in S and F,
respectively, φr = πr
2H/Φ0 is a dimensionless flux of the
external magnetic field H threading the circle of certain
radius r. As follows from Eqs. (8),(9),(10), if the gap
potential ∆L is real, the components f
s
L of the anomalous
Green’s function are also real, while the components fxL
and fzL are imaginary. Then it is convenient to introduce
the complex function69
F (r) = f sL + i f
z
L (11)
4and the real function
P (r) = −i fxL , (12)
so that
f sL = Re[F ] , f
z
L = i Im[F ] , and f
x
L = i P . (13)
These functions satisfy the equations
−
~D
2
QˆLF + (ωn + ı h) F − hx P = ∆L , (14)
−
~D
2
QˆLP + ωn P + hxRe[F ] = 0 . (15)
The boundary conditions for F and P follow directly
from the conditions (5) for fˆ components.
III. Tc OF VORTEX STATES
We proceed with Tc calculations for different vortex
states (7).
A. Solution inside the F core: (r ≤ R1)
The solution of Eqs. (14),(15) in the F cylinder r ≤
R1 − wx with uniform exchange field h = h z0 can be
expressed via the confluent hypergeometric function of
the first kind (Kummer’s function) K(a, b, z)70
Ff1(r) = C1 e
−φr/2φ|L |/2r K ( aLn, bL, φr ) , (16)
Pf1(r) = C2 e
−φr/2φ|L |/2r K ( a
r
Ln, bL, φr ) , (17)
where
aLn =
|L| − L+ 1
2
+
(ωn + i h)R
2
1
2~Df φ1
,
arLn = Re[aLn] , bL = |L|+ 1
and φ1 = πR
2
1H/Φ0 is a dimensionless flux of the ex-
ternal magnetic field H threading the circle of the ra-
dius R1.To proceed further with tractable formulas, we
take into account that the spin-active layer near the in-
terface r = R1 is thin (wx ≪ ξf , R1). After averaging
Eqs. (16),(17) over the thickness of thin wx → 0 layer one
can receive the following relations between the values of
the functions Ff1, Pf1 and their derivatives ∂rFf1, ∂rPf1
at the S/F interface r = R1:
dFf1
dr
=
κLn
R1
Ff1 −
2δ
ξf
Pf1 , (18)
dPf1
dr
=
µLn
R1
Pf1 +
2δ
ξf
Re[Ff1] , (19)
where δ, characterizing the spin-activity of the S/F in-
terface, is determined by
δ =
ξf
~Df
R1∫
R1−wx
hx(r)dr , (20)
and
κLn ≡ κLn(φ1) = |L| − φ1 (21)
+ 2φ1
aLnK ( aLn + 1, bL + 1, φ1 )
bLK ( aLn, bL, φ1 )
,
µLn ≡ µLn(φ1) = |L| − φ1 (22)
+ 2φ1
arLnK ( a
r
Ln + 1, bL + 1, φ1 )
bLK ( arLn, bL, φ1 )
.
B. Solution in outer ferromagnet: (r ≥ R2)
The solution of Eqs. (14),(15) in ferromagnet with a
cylindrical cavity of radius r = R2 can be expressed via
the confluent hypergeometric function of the second kind
U(a, b, z)70
Ff2(r) = C˜1 e
−φr/2φ|L |/2r U ( aLn, bL, φr ) , (23)
Pf2(r) = C˜2 e
−φr/2φ|L |/2r U ( a
r
Ln, bL, φr ) . (24)
As before the spin-active layer near the S/F interfaces
(r = R2) is assumed to be thin and described by δ (20).
The relations between the values of the functions Ff2,
Pf2 and their derivatives ∂rFf2, ∂rPf2 at the S/F inter-
faces r = R2 are as follows:
dFf2
dr
=
κ˜Ln
R2
Ff2 +
2δ
ξf
Pf2 , (25)
dPf2
dr
=
µ˜Ln
R2
Pf2 −
2δ
ξf
Re[Ff2] , (26)
where
κ˜Ln ≡ κ˜Ln(φ2) = |L| − φ2 (27)
− 2φ2
aLnU ( aLn + 1, bL + 1, φ2 )
U ( aLn, bL, φ2 )
,
µ˜Ln ≡ µ˜Ln(φ2) = |L| − φ2 (28)
− 2φ2
arLnU ( a
r
Ln + 1, bL + 1, φ2 )
U ( arLn, bL, φ2 )
.
and φ2 = πR
2
2H/Φ0 is the flux of the external magnetic
field enclosed in the cavity of radius R2 in units of Φ0.
C. Solution in thin superconducting shell:
(R1 ≤ r ≤ R2)
In absence of an exchange field, equations (14) and
(15) in the superconducting region R1 ≤ r ≤ R2 take the
form
−
~Ds
2
QˆLFs + ωn Fs = ∆L , (29)
−
~Ds
2
QˆLPs + ωn Ps = 0 . (30)
Assuming that variations of Fs(r), Ps(r) and ∆L(r) in
the thin S shell are small for w . ξs, R1, we can av-
erage Eqs. (29) and (30) over the thickness, using the
5Kupriyanov-Lukichev boundary conditions (5) and rela-
tions (18),(19) (25),(26) to integrate the terms ∂r(r ∂rFs)
and ∂r(r ∂rPs). Finally, we obtain the following equa-
tions (
Ω¯n + νLn
)
Fs − ǫ Ps = ∆¯L , (31)
(
Ω¯n + ηLn
)
Ps + ǫRe[Fs] = 0 , (32)
where Ω¯n = Ωn/Tcs, ∆¯L = ∆L/Tcs,
Ωn = ωn +
Ds
2
(L− φ1 )
2
R21
, β =
π ξ2s σf/σs
wR1
,
νLn = ν
r
Ln + i ν
i
Ln = β (κLn − κ˜Ln) ,
ηLn = β (µLn − µ˜Ln) , ǫ = 2βδ (R1 +R2) /ξ
2
f .
Solution of the algebraic system (31),(32) determines the
amplitudes f¯ sL, f¯
z
L, f¯
x
L of the anomalous Green’s functions
(5) in superconductor for the orbital mode L:
f¯ sL =
∆¯L
(
Ω¯n + ν
r
Ln
)
|Ω¯n + νLn|
2 + ǫ2
(
Ω¯n + ν
r
Ln
)
/
(
Ω¯n + ηLn
) , (33)
f¯zL =
−i νiLn
Ω¯n + νrLn
f¯ sL , f¯
x
L =
−i ǫ
Ω¯n + ηLn
f¯ sL . (34)
Substituting solution (33) into Eq. (6) one obtains a self–
consistency equation for the critical temperature TL of
the state with a vorticity L:
ln
TL
Tcs
+ πTL
∑
ωn
(
1
ωn
−
f¯ sL
∆L
)
= 0 . (35)
As usual, the critical temperature Tc of a superconduc-
tivity nucleation in the S/F hybrid is determined by the
maximal value TL:
Tc = max
L
{TL} . (36)
IV. PROXIMITY INDUCED VORTEX STATES
We start our analysis for the case of zero external mag-
netic field focusing on the effect of the S/F interface spin-
activity and long–range triplet generation on the phase
transition line Tc(Rf ). The solution of Eqs. (14),(15) for
H = 0 in the ferromagnet can be expressed via the mod-
ified Bessel functions IL(ζ) and KL(ζ) of the of the order
L:
Ff1(r) =
∑
ωn
F¯L(ωn)
IL(knr)
IL(knR1)
,
Pf1(r) =
∑
ωn
P¯L(ωn)
IL(qnr)
IL(qnR1)
,
r ≤ R1 − wx, (37)
Ff2(r) =
∑
ωn
F¯L(ωn)
KL(knr)
KL(knR2)
,
Pf1(r) =
∑
ωn
P¯L(ωn)
KL(qnr)
KL(qnR2)
,
r ≥ R2 + wx,(38)
where F¯L = f¯
s
L + f¯
z
L, P¯L = −if¯
x
L, qn =
ξ−1n
√
Tc(2n+ 1)/Tcs, k
2
n = q
2
n + 2i/ξ
2
f . Taking into ac-
count the solutions (37),(38) we obtain the following sim-
plified expressions for the parameters κLn (21), µLn (22),
κ˜Ln (27), µ˜Ln (28):
κLn = |L|+
(knR1) IL+1(knR1)
IL(knR1)
,
µLn = |L|+
(qnR1) IL+1(qnR1)
IL(qnR1)
,
κ˜Ln = |L| −
(knR2)KL+1(knR2)
KL(knR2)
,
µ˜Ln = |L| −
(qnR2)KL+1(qnR2)
KL(qnR2)
,
which have to be used in expressions to calculate the
critical temperature TL of the proximity induced state
with a vorticity L. Note, that the states with angular
momenta ±L are degenerated for H = 0 and have the
same critical temperature T−L = TL.
In Fig. 3 we show example dependencies of Tc versusR1
for different values of δ characterizing the spin-activity of
the S/F interface. We see that generation of long triplet
correlations in F metal produces an additional depair-
ing effect which results in a overall decrease in Tc for
arbitrary L. At the same time, the destructive action
of long–range proximity effect reduces the region of R1
where the vortex free state L = 0 dominates, and pro-
vokes the appearance of the states with nonzero orbital
momentum L 6= 0. Note that for strong enough spin-flip
scattering at the S/F interface, the Tc(R1) phase bound-
ary exhibits quasiperiodic oscillations as function of the
ring radius in the region R1 ≫ ξf (see Fig. 3(c),(d)).
In this case the influence of damped-oscillatory behav-
ior of the singlet f sL and the short triplet f
z
L components
of superconducting correlations is weak and cannot pro-
voke switching between the superconducting states with
different vorticities.
In Fig. 4 we have plotted the spatial dependence of f sL
and fz,xL components of the quasiclassical Green’s func-
tion fˆ (2) for two different radia of the ring. One can see
that f sL and short–range triplet f
z
L decay and oscillate
on the scale ξf while the long–range triplet component
fxL decays to zero slowly. As a result, the triplet compo-
nent fxL dominates over a considerable part of the S/F
structure. Note that recently it was demonstrated that
the spin-triplet superconducting correlations emerging in
S/F system favors the formation of the in-plane FFLO
phase with the gap potential modulated along the S/F
interface43. In our case this FFLO-like phase is revealed
by the formation of the high vorticity states at large R1
radius - see Fig. 3(c),(d). A hallmark of in–plane FFLO
instability is vanishing of the London magnetic field pen-
etration depth λ(r) averaged over the structure volume.
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FIG. 3: (Color online) Typical dependences of Tc on the internal radius R1 of the S ring in zero applied field (H = 0) for
different values of δ = δ1 + δ2 characterizing the spin-activity of the S/F interface: (a) δ = 0; (b) δ = 0.25; (c) δ = 0.3; (d)
δ = 0.35. The numbers near the curves denote the corresponding vorticity L. The inserts show the zoom in the part of the
curves in the rectangles. Here we choose w = 0.6 ξs; ξs/ξf = 0.1; ξn/ξf = 5; σf/σs = 0.5.
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FIG. 4: (Color online) Spatial dependence of the components fs,z,xL (vorticity L = 1) of the Green function fˆ (2) in zero
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the parameters δ characterizing a spin-activity of the S/F interface: δ = 0 (dotted line); δ = 0.25 (dashed line); δ = 0.35 (solid
line). The other parameters are the same as in Fig. 3.
A. Effective magnetic field penetration depth
To calculate the London penetration depth λ(r) that
appears in relation
j =
c
4πλ2
(
~c
2e
∇φ −A
)
, (39)
between screening current density j and vector potential
A, we can use the expression for the k projection of the
7supercurrent in terms of quasi-classical Usadel functions
fˆ(r, ωn) defined by the parametrization (2)
6
jks,f = πTc
σs,f
e
∑
ωn
Im
[
(f ss,f )
∗ ∇˜kf
s
s,f − (f
t
s,f )
∗ ∇˜kf
t
s,f
]
,
(40)
and the local London penetration depth
λ(r) =
{
λf (r) , r < R1 , r > R2 ,
λs , R1 ≤ r ≤ R2 ,
(41)
depends on the radius r and can be expressed via the
amplitudes F (r) and P (r) as follows:
λ−2s,f (r) =
8π2TL
~c2
∑
ωn
σs,f
[
Re[F 2s,f (r)] − P
2
s,f (r)
]
, (42)
where Fs = FL(ωn), Ps = PL(ωn), Ff (r) = Ff1(r) (
Ff2(r) ) and Pf (r) = Pf1(r) ( Pf2(r) ) for r ≤ R1 (
r ≥ R2 ), respectively. If triplet superconducting cor-
relations dominate in a ferromagnetic region, the corre-
sponding value of λ−2f (r) becomes negative, and the lo-
cal screening current (40) is paramagnetic. At the same
time, λ−2s (r) > 0 in the thin S shell and λ
−2
f (r) > 0
in ferromagnetic layers ∼ ξf near the S/F boundaries,
where the direction of the screening current corresponds
to the conventional diamagnetic Meissner effect. A su-
perconducting state remains stable in the whole as long
as the London penetration depth (42) averaged over the
cross section of the S/F structure
Λ−2 =
2π
S
R∞∫
0
rdr
λ2(r)
, S = πR2∞ (43)
is negative43. The external radius of the structure R∞
is assumed to be large enough (R∞ ≫ ξn) to neglect the
effect of the external boundary on the solutions (23),(24).
Substituting the solutions of the linearized Usadel equa-
tions (33),(34),(37),(38) into (42), we obtain the following
expression for the effective magnetic penetration depth
ΛL of the orbital mode L that the temperature T is close
to the critical temperature TL:
Λ−2L = Λ
−2
T
∑
ωn
{
Re
[
F¯ 2L(ωn)
(
w
R1
+
σf
σs
CL(kn)
)]
− P¯ 2L(ωn)
(
w
R1
+
σf
σs
CL(qn)
)}
, (44)
Λ−2T =
16π3TσsR
2
1
~c2 S
, CL(q) =
R22
R21
KL−1(qR2)KL+1(qR2)
2K2L(qR2)
−
IL−1(qR1) IL+1(qR1)
2 I2L(qR1)
−
w
R1
.
In the case of a second-order phase transition at T =
TL from the superconducting to the normal state, the
order parameter ∆L disappears (∆L, F¯s, P¯s → 0), and
effective penetration depth (44) diverges (ΛL → ∞). At
T < TL, the structure of the superconducting order pa-
rameter corresponding to the free energy minimum may
differ from (7), and the equilibrium value of ∆L in the
S/F cylinder must be determined with the help of com-
plete nonlinear Usadel equations without using the linear
approximation (3),(4). Therefore, expression (44) estab-
lishes only the relation between superconducting order
parameter ∆L and the effective magnetic field penetra-
tion depth ΛL in the S/F structure for L orbital mode
at a temperature T close to superconducting transition
temperature TL.
Figure 5 shows the typical dependence of the effec-
tive penetration depth Λ on R1 for different values of δ.
One can easily see that switching between different or-
bital modes L ⇄ L + 1 (see Fig. 3) are accompanied by
jumps in Λ/ΛT due to qualitative changes in the radial
structure and symmetry of the pair wave-functions and
the singlet/triplet correlations distributions in the S/F
structure71. Such abrupt changes of screening proper-
ties of S/F cylinder due to orbital modes switchings look
similar to the 0 − π transition in S/F/S trilayer72–74.
Negative values of Λ correspond to the total paramag-
netic response of the hybrid structure. Here we neglect
the possibility of LOFF modulation along the S/F cylin-
der axis assuming that the homogeneous in z state ex-
ists in the planar hybrid structure under consideration
(see Fig. 1). The effect of an in-axis LOFF instabil-
ity on screening properties of a thin–walled supercon-
ducting cylinder filled with a ferromagnetic metal was
studied in71. In contrast to switching of orbital modes
L ⇄ L + 1, the appearance of LOFF modulation along
the z axis is not accompanied by abrupt changes in the
screening properties of the S/F cylinder and results in
the restoration of the diamagnetic response of the hybrid
structure. For layered S/F structures similar effect was
first analyzed in43.
V. LITTLE-PARKS OSCILLATIONS
Now we proceed with calculations of Tc on external
magnetic field H applied along z axis. Figures 6,7 show
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FIG. 5: (Color online) Typical dependences of the effective penetration depth Λ the internal radius R1 of the S ring in zero
applied field (H = 0) for different values of the parameters δ characterizing a spin-activity of the S/F interface: (a) δ = 0; (b)
δ = 0.25; (c) δ = 0.3; (d) δ = 0.35. The numbers near the curves denote the corresponding values of vorticity L. The inserts
show the zoom in the part of the curves in the rectangles. The other parameters are the same as in Fig. 3.
example of dependency of Tc on the external magnetic
flux φ1 = πR
2
1H/Φ0 for different values of δ. The phase
boundary exhibits Little-Parks oscillations due to transi-
tions between the states with different angular momenta
L⇆ L ± 1 of the superconducting order parameter. For
R1 ∼ ξf , the Tc(H) phase boundary exhibits quasiperi-
odic oscillations versus H (Figure 6). One can observe a
shift of the main Tc maximum toward nonzero H . The
main maximum of Tc corresponds to the minima of both
the orbital and exchange effects of superconductivity de-
struction. Since for chosen parameters of the S/F struc-
ture the exchange part of the depairing effect is minimal
and the corresponding Tc is maximal for a state with
a nonzero vorticity L, the orbital effect is cancelled at
φ1 ≈ L 6= 0. Thus, the main Tc maximum shifts to a
certain nonzero φ1 value
53. Generation of long triplet
correlations in F metal produces an additional depairing
effect which results in a total decrease in the critical tem-
perature Tc and a reduction of the interval of magnetic
field in which magnetism and superconductivity coexist.
Figure 7 shows the LP quasiperiodic oscillations of
Tc versus φ1 for R1 ≫ ξf and for different values of
δ. One can observe a noticeable modification of the
Tc(φ1) phase boundary when triplet superconducting cor-
relations dominate in ferromagnetic regions (see pan-
els (c) and (d) in Fig. 7) – the LP oscillations are de-
stroyed for small values of the magnetic flux. To manifest
this effect the inserts in Figure 7 show the dependence
∆Tc(φ1) = Tc(φ1)− (c1 φ1 + c0) where the constants c0,1
are chosen to compensate monotonic growth of Tc with
increasing of the magnetic flux. One can see that for
δ = 0.3 and δ = 0.35 the curves ∆Tc(φ1) show the Little–
Parks oscillations if the magnetic flux φ1 is large enough:
φ1 ≥ φ
∗
1, and the oscillations are destroyed for smaller
values magnetic flux φ1.The value of cutoff parameter φ
∗
1
grows with increasing the spin-active constant δ.
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FIG. 6: (Color online) The dependences of the critical tem-
perature Tc on the external magnetic field H for different
values of the parameter δ characterizing a spin-activity of the
S/F interface: δ = 0 (dotted line); δ = 0.25 (dashed line);
δ = 0.35 (solid line). The radius of the ring R1 = 2.2 ξf . The
magnetic field H is measured in the units of the magnetic flux
φ1 enclosed in F core. The other parameters are the same as
in Fig. 3.
VI. SUMMARY
We have analyzed switching between superconducting
states with different vorticities caused by the exchange
field in multiply connected S/F hybrids associated with
generation of odd-frequency spin-triplet correlations near
S/F interface. As an example, we have considered meso-
scopic thin-walled superconducting cylindrical shell em-
bedded in ferromagnetic metal. A good electrical contact
and the spin-active S/F interface between the S and F
metals are assumed to assure a rather strong long ranged
proximity effect. We suggest a mechanism of switching
between superconducting states with different vorticities
caused by prevalence of spin-triplet pairs in a consider-
able part of the S/F structure. The spin-active interface
favors the emergence of the states with high vorticity
L > 1. The screening properties of the mesoscopic S/F
structure with a multiply connected geometry have been
analyzed. The presence of spin-triplet superconducting
correlations results in suppression of a diamagnetic re-
sponse so that the effective magnetic field penetration
depth Λ−2 can take a negative value indicating a param-
agnetic Meissner effect. The observation of a paramag-
netic response in the S/F setup of Fig. 1(a) would provide
clear evidence the long-ranged odd–frequency triplet cor-
relations. The behavior of the Little–Parks oscillations
of the critical temperature Tc on an external magnetic
flux φ1 threading the ring was analyzed. The interplay
between the orbital and exchange effects results in break-
ing of the periodicity of Tc(φ1) dependence and a slow
modulation of the amplitude of the quasiperiodic oscil-
lations. The Little–Parks oscillations are shown to be
destroyed in the region of small values of the magnetic
flux threading the ring if a spin-activity of S/F interface
is strong enough so that the spin-triplet pairs prevail in
the multiply connected hybrid.
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